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Abstract.—Variance of lifetime reproductive success is not a well-defined parameter; it is a
function of the way a life cycle is defined. Therefore, comparisons of such variance across
studies and taxa will only be valid if the life cycles employed are complete (i.e., an entire
generation), precisely defined (e.g., egg to egg or adult to adult), and identical. Given a well-
defined life cycle, we present methods for obtaining estimates of the variance of lifetime repro-
ductive success among individuals using demographic data. The estimates are based on the
assumptions of no selection and negligible covariance between life span and reproductive effort.
The techniques can be used to investigate the effects of alternate life histories on the distribution
of reproductive success in a population, as well as to obtain estimates of effective population
size. They may also provide a null model for investigations of selection. Some theoretical and
empirical results are presented. A method for obtaining confidence intervals for the estimates
is described.

There has been considerable interest in recent years in lifetime reproductive
success (LRS) and its distribution among members of a population. For example,
two volumes reviewing empirical data on reproductive success in natural popula-
tions have appeared (Clutton-Brock 1988; Newton 1989a). Theoretical reasons
for this interest are clear: differences in reproductive success among individuals
are the stuff of natural selection, the magnitude of the variance of LRS sets an
upper limit on the magnitude of selection (see, e.g., Arnold and Wade 1984,
Arnold 1986), and the ratio of variance to mean LRS affects the effective size of
a population (Crow and Kimura 1970). The latter has become considerably inter-
esting in computations associated with maintaining genetic variation in managed
populations of threatened species. In addition, there has been a resurgence of
long-term population studies associated with empirical questions in behavior and
sociobiology; examination of data from these investigations have led researchers
to consider patterns in the distribution of reproductive success among individuals
and the processes leading to them (Newton 19895, Partridge 1989).

It is quite difficult to measure LRS in natural populations. In small organisms,
such as many invertebrates, various stages of the life cycle may not be readily
visible to observers, or the individuals may be too small to mark and recapture.
For larger organisms, such as many vertebrates, individuals may still be too
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small to observe during part of their life cycle. Additionally, life cycles for some
vertebrates may be quite long compared to the average length of a field project.
Consequently, estimates of LRS, measured through a complete life cycle (e.g.,
recruited breeding adults per breeding adult) are usually not available for con-
structing the distribution of actual reproductive success in a population. Thus, it
would be useful to have a method for estimating this distribution, or its moments,
from data that are readily available.

In this article, we develop equations for estimating the variance of LRS from
commonly available demographic data. Naturally, assumptions are required. In
addition, we present some examples using data from natural populations and
discuss some general results. Finally, the robustness of the estimates is briefly
explored using simulations.

THEORETICAL CONSIDERATIONS

Our objective is to obtain estimates of the variance among individuals in life-
time reproductive success, V| rg, based on minimum data. There are few studies
of any organism in which a population has been studied for sufficient time and in
a sufficiently intensive fashion that lifetime values of reproductive success are
known for enough individuals to estimate the variance of the distribution. Never-
theless, it may be possible to obtain estimates of the magnitude of V| 5 based on
fewer data. Here we develop two approaches to this problem; first, we obtain an
analytical solution at the expense of making a number of restricting assumptions.
Second, we develop an exact solution that avoids some of these assumptions but
without a closed form; that is, this latter solution will be a deterministic computa-
tion of the convolution of distributions.

Analytical Solution

Consider the following: suppose that breeding adults have some distribution of
reproductive life span, with a mean X, and a variance V| . Further suppose that,
in any given year in which these individuals breed, there obtains a distribution
of reproductive success, which we will call fecundity, with a mean Xy and a
variance V. Now consider the production of offspring by an individual in this
population as a process in which a random number of offspring, F;, drawn from
the above distribution of fecundity, are produced each year, i, of the individual’s
reproductive life. The extent of that individual’s life is a random variable, L,
drawn from the distribution of reproductive life spans. Then the sum

L
> F
i=1

is itself a random variable, and the distribution of these sums is the distribution
of LRS of individuals in the population. Note that the sum is a random summation
of random variables; this type of stochastic process is known as a random sum.
If the F’s are independently drawn from a single distribution, and if they are
independent of L, then the mean and variance of this distribution are the mean
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and variance of LRS of the population, respectively, and have values
Xirs = XpX| (1)
and
Vigs = XV + X V. (2)

Equation (1) is derived by Papoulis (1965, eq. [8-58]) and stated by Feller (1968,
p. 301, problem 1). Equation (2) can be found explicitly stated in Feller (1968, p.
301, problem 1). It can be derived easily from equation (8-59) of Papoulis (1965)
using the definition of variance as the difference between the expectation of the
square of a random variable and the squared expectation of the same random
variable. Our equation (2) differs from that used by some authors (e.g., Brown
[1988]) in the treatment of a slightly different problem, that of variance parti-
tioning. This difference in approaches is discussed in the Appendix.

With the above assumptions, one could obtain an estimate of variance of LRS
given estimates of the mean and variance of reproductive life spans and reproduc-
tive success within years. Unfortunately, however, one often does not even have
the requisite estimates of reproductive success for a single year.

Variance of reproductive success will differ depending on which stage of an
organism’s life cycle is taken as a point of reference. Consider, for example, the
hypothetical organism in figure 1. Suppose that every adult in a population pro-
duces 10® gametes during its lifetime, 10> of which become eggs, 10 of which
become fledglings, and 1 of which becomes a breeding adult; then V| i, measured
as breeding adults produced by breeding adults, is zero. However, measured as
fledglings produced by fledglings, this variance is nine; as gametes produced by
gametes, the variance is even larger; for example, Vigs =~ 10® (i.e., 103> — 1
gametes produce zero gametes during their entire lives, but one produces 108).
Consequently, if estimates of V| g are to be compared among populations, taxa,
field studies, and so forth, the estimates must be obtained for a complete life
cycle and with reference to the same end points of that cycle.

With regard to equations (1) and (2), one ought to have estimates of fecundity
in terms of adults produced per adult or eggs produced per egg and so on. But
one often does not have such estimates of mean or variance of fecundity because
one rarely is able to follow individuals through an entire life cycle. Most estimates
of the distribution of fecundity will consist of numbers of eggs, hatchlings or litter
sizes, or fledglings or dispersers, per adult. Nevertheless, with some additional
assumptions, it may still be possible to obtain an estimate of V| gs.

Suppose one has an estimate of the mean and variance of some measure of
reproductive success for less than an entire life cycle, for example, fledged young
birds produced by adults during their lifetime. Because there is usually substantial
mortality between fledging and becoming a breeding adult in most species of
birds, these moments will be poor estimators of the mean and variance for a full
life cycle. However, one might assume that the mean LRS of a population should
be approximately two, rather than the estimate obtained for a partial life cycle,
for instance, fledglings, Xpgs. With such an assumption the corrected estimate of
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F16. 1.—Variance of lifetime reproductive success (V}gs) among individuals in a popula-
tion is a function of the chosen end points of the life cycle. Here every adult individual in a
hypothetical population produces 10? eggs that result in 10 fledglings and eventually one adult
and so on; V| rs among adults from generation to generation is zero. Since only one of 10
fledglings produces an adult that in turn produces 10 fledglings, V| g5 among fledglings is nine.

X gs IS two, or pXprg, Where, in this case, p = 2/Xpgs. A corrected estimate of
Virs can also be obtained through an extension of this idea.

Expressions (1) and (2) contain formulas for the mean and variance of LRS in
terms of the mean and variance of fecundity within a breeding season. Fecundity
must be measured as the production of individuals at the end point of the refer-
ence cycle. Thus, we need to obtain an expression for Xy and Vg in terms of a
combination of measures of fitness that are observable, coupled with subsequent
random mortality that reduces the expected X|ys to two; this must be accom-
plished in such a way that entire individuals live or die: the proper model for this
mortality—from point of observed measure of fecundity to recruited breeder—is
another stochastic process in which each individual lives or dies with a probability
p. This process can be viewed as a series of Bernoulli trials with mean

p= 2/XPRS
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and variance

As before, this process can be viewed as a random sum.

Consider the random variable M, measured fitness (e.g., clutch size), with
mean Xy and variance Vy, and the random variable §;, survival of individual i
from the measured stage of the life cycle to breeding status, with mean p and
variance p(1 — p). Then the sum

M
2.8

i=1

is the sum over the measured fitness of the random variable survival of each unit
propagule. This is the fecundity, as defined above, for that breeding season or
bout. Again as above, if we assume the survival probabilities of offspring are
independent of each other and of the litter size, then this stochastic process has
mean and variance

pXy and p*Vy + X,V,,

respectively. Substitution of these expressions in equations (1) and (2) leads to
overall formulas for the mean and variance of LRS in terms of observable vari-
ables, X, Vi, Xu and V), and a measure of survival rate, p, which can be
adjusted so that overall X, gg is two. In particular,

Xigs = PX1L XM 3)
and
VLRS = sz%/[ VL + pZXLVM + XLXM Vp . (4)

If one did have information on survival rate to adulthood, then p and V, ought
to be replaced by the appropriate empirical estimates of these two parameters.

Numerical Solution

A major restriction of these equations is the assumption that the distribution
of reproductive success is independent of age and that every individual starts
breeding at the same age. Neither of these may be true; in birds, for example,
fecundity frequently increases with age (Saether 1990). In a species such as the
lesser snow goose, first breeding may occur at ages two through four, and average
production of fledglings increases through age seven. Therefore, we developed a
computer program to obtain estimates of the distribution, and hence variance, of
LRS for such situations.

In this approach the exact distribution of offspring is found deterministically.
This is implemented by computing the distribution of offspring for individuals in
their first year of breeding using the appropriate fecundity schedule. The survival
schedule is consulted to obtain the fraction that die; the lifetime distribution of
fecundity of those dying is known and saved. The fraction that survive are in



