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distribution of log a. Evolving 500 000 binaries set up in this way
with the BSE algorithm gives 21 BSs at 4 Gyr per 10 000 primordial
binaries. The population synthesis predicts that 75 per cent of these
should be single, 13 per cent in short-period circular binaries and the
remaining 12 per cent in wide circular binaries. Thus, the interest for
Model 2 is in seeing if the combination of the cluster environment
and the evolution of the primordial binaries can put the BSs in the
required mix of living arrangements, while also maintaining the
expected number of BSs.

4 SIMULATION METHOD

We use the NBoDY4 code (Aarseth 1999) to model the dynamical
evolution of star clusters. Basic integration of the equations of mo-
tion is performed by the Hermite scheme (Makino 1991), which
employs a fourth-order force polynomial and exploits the fast eval-
uation of the force and its first time derivative by the GRAPE-6
(Makino et al. 2003). A time-step scheme comprising a series of
hierarchical levels (McMillan 1986) allows each star to evolve on
its own natural dynamical time-scale while forcing a block of parti-
cles to be advanced at each cycle so that efficiency does not suffer.
Also, only one prediction is required for each block step. Regular-
ization techniques are used to treat perturbed two-body motion in
an accurate and efficient manner (Mikkola & Aarseth 1998) with
an extension to chain regularization (Mikkola & Aarseth 1993) to
deal with compact subsystems of up to six bodies. A semi-analytical
criterion developed by Mardling & Aarseth (2001) is utilized to de-
tect and evolve stable hierarchical triple and quadruple systems that
otherwise would prove extremely time-consuming by direct integra-
tion. Exchange interactions in encounters between single stars and
binaries, or binary-binary encounters, where the member of a bi-
nary is displaced by an incoming star, are included in this treatment.
Direct collisions between stars (Kochanek 1992) and the formation
of binaries in three- and four-body encounters are also allowed.
Binary orbits may also become chaotic owing to perturbations from
nearby stars and this scenario is modelled using the Mardling &
Aarseth (2001) algorithm.

In NBODY4, stellar and binary evolution are performed in step with
the dynamical evolution so that interaction between these processes
is modelled consistently (Hurley et al. 2001). Stellar evolution is in-
cluded in the form of the single-star evolution (SSE; Hurley, Pols &
Tout 2000) algorithm. This is a package of analytical formulae fitted
to the detailed models of Pols et al. (1998) that covers all phases
of evolution from the ZAMS up to and including remnant phases.
It is valid for masses in the range 0.1-100 M and metallicity can
be varied. The SSE package contains a prescription for mass loss
by stellar winds that is utilized in nBobY4. It follows the evolution
of rotational angular momentum for each star after the ZAMS spin
orbital period is assigned according to a fit to the rotational velocity
data of Lang (1992). All aspects of standard binary evolution are
treated according to the BSE algorithm (Hurley et al. 2002). Circu-
larization of eccentric orbits and synchronization of stellar rotation
with the orbital motion owing to tidal interaction is modelled in
detail. Angular momentum loss mechanisms, such as gravitational
radiation and magnetic braking, are also modelled. Wind accretion,
where the secondary may accrete some of the material lost from
the primary in a wind, is allowed with the necessary adjustments
made to the orbital parameters in the event of any mass variations.
Mass transfer also occurs if either star fills its Roche lobe and may
proceed on a nuclear, thermal or dynamical time-scale. In the lat-
ter regime, the radius of the primary increases in response to mass
loss at a faster rate than the Roche lobe of the star. Stars with deep

surface convection zones and degenerate stars are unstable to such
dynamical time-scale mass loss unless the mass ratio of the system
is less than some critical value. The outcome is a common-envelope
(CE) event if the primary is a giant. This results in merging or for-
mation of a close binary, or a direct merging if the primary is a WD
or low-mass MS star. On the other hand, mass transfer on a nuclear
or thermal time-scale is assumed to be a steady process. Prescrip-
tions to determine the type and rate of mass transfer, the response
of the secondary to accretion and the outcome of any merger events
are in place in BSE and the details can be found in Hurley et al.
(2002).

One aspect that we should elaborate on here is the modelling
of BSs within BSE (and by association nsoby4). If an MS star
accepts mass from another star then it is rejuvenated. How this
is done depends on whether the MS star has a radiative core
(0.35 M/ M L[CL25), a convective core (M > 1.25Mg) or is
fully convective (M < 0.35Mg). As an MS star gains mass, it
evolves up along the MS to higher luminosity and effective temper-
ature. If the core is radiative, the fraction of hydrogen that has been
burnt is only slightly affected so that the effective age of the star de-
creases. In practice, the age of the star is altered so that the fraction
of its MS lifetime that has elapsed is unchanged by the change of
mass. For MS stars with convective cores and fully convective stars,
the core grows and mixes in unburnt fuel as the star gains mass,
so that the star appears even younger. The rejuvenation process is
approximated by conserving the amount of burnt hydrogen and as-
suming that the core mass grows directly proportional to the mass
of the star. We then take the remaining fraction of MS lifetime to be
directly proportional to the remaining fraction of unburnt hydrogen
at the centre to set the new effective age of the star. Owing to the
increase in mass, the remaining MS lifetime of the star has been
reduced, but it has been rejuvenated relative to other stars of its new
mass.

The merger or collision of two MS stars produces a new MS star
and we assume that the stellar material is completely mixed in the
process, with no mass lost from the system. The age of the new
star is calculated on the assumption that, as stars evolve across the
MS core, hydrogen burning proceeds uniformly and that the end of
the MS is reached when 10 per cent of the total hydrogen has been
burnt. These stars are also rejuvenated relative to other stars of the
same mass. The process of rejuvenation and subsequent evolution
of the MS star are most likely adequate in the case of steady mass
transfer although there is a lack of detailed studies to confirm this
(Sills et al. 2003). The assumption that no mass is lost in a colli-
sion is in fair accordance with smoothed-particle hydrodynamics
simulations of low-velocity collisions (Sills et al. 2001), but only
a limited amount of mixing is found in these simulations so our
assumption of complete mixing is questionable and even more so
in the case of slow mergers. In addition, the collision product is not
initially in thermal equilibrium and requires a thermal time-scale to
contract to its MS state. During this time, it has a higher probability
to undergo additional interaction (Lombardi et al. 2003). Further-
more, the collision or merged product is, in most cases, rapidly
rotating and needs to lose angular momentum in order to contract
(Lombardi, Rasio & Shapiro 1996). These effects are not consid-
ered in our simplified model of post-collision BSs but would have
an effect on the appearance of these stars.

The great advantage of having the identical stellar and binary
evolution algorithms in an N-body code and a population synthesis
code is that we can evolve the same populations inside and outside
the cluster environment to quantify how the dynamical evolution
affects the stellar populations. N-body simulations presented in this
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Figure 2. The mass profile of Model 1 at 4 Gyr. The solid line represents
the total cluster mass and the dashed-dot line is the luminous mass. Dashed
vertical lines show the tidal radius (20.8 pc) and the half-mass radius for the
luminous mass (4.2 pc).

work were conducted on the 32-chip GRAPE-6 boards (Makino
2002) located at the American Museum of Natural History.

5 RESULTS FOR MODEL 1

The cluster of 9000 single stars and 9000 binaries set up in the
manner described in Sections 2 and 3 was evolved from zero age to
an age of 5.8 Gyr when 1000 stars remained. This simulation took
approximately 1 month to complete. Fig. 2 shows the mass profile of
the simulated cluster after 4 Gyr of evolution. The mass remaining
in the cluster at this time is 3175 M. It is contained within a tidal
radius of 21 pc. We note that the mass profile does continue beyond
the tidal radius because stars are not removed from the simulation
until their distance from the density centre exceeds twice that of the
tidal radius (cf. Terlevich 1987; Giersz & Heggie 1994). For this
particular model, the mass exterior to the tidal radius is 84 M, or
2.7 per cent of the total mass. Also shown in Fig. 2 is the mass profile
for the luminous mass, which amounts to 1987 M. The luminous
mass that, in stars above 0.5 M burning nuclear fuel, is contained
within 10 pc is 1730 M and it has a half-mass radius of 3.0 pc. The
half-mass radius for all stars is 4.9 pc. Fan et al. (1996) determined
a luminous mass for M67 of 1016 Mg, rising to 1270 Mg when
corrected for binaries, for stars within 10 pc of the cluster centre.
Our model has too much mass remaining to be a good representation
of M67. It is not until 5.2 Gyr that we find M = 1000 M and we
consider this too old to be relevant to M67. General results for this
model are summarized in Table 2.

At 4 Gyr, the model contains only one blue straggler. This star
resides in a non-primordial binary with an orbital period of 83 d and
an eccentricity of 0.5. The mass of the BS is 1.5 M (compared with

Table 2. General results at 4 Gyr for simulations per-
formed in this work.

Model 1 Model 2
M/ Mg 3175 2037
fo 0.53 0.60
T/Tm 9 13
repet 20.8 15.2
rnpc ! 49 3.8
M /Mg 1987 1488
M LlO/MQ 1730 1342
rhL1opct 3.0 2.7
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M 1o =1.32 M) and the companion is a0.64 M, MS star. Slightly
earlier (3950 Myr) there were two BSs and slightly later (4050 Myr)
there are three, so an average of two BSs at this age. The most BSs
observed inthe cluster at any one time, from an age of 3 Gyr onwards,
is five at 4.5 Gyr. So the combination of the Kroupa (1995b) set-up
for the primordial binaries and the dynamical evolution of the cluster
does not explain the actual M67 BS population. This is not a quirk
of the model, either in terms of the initial conditions or statistics. We
have performed a variety of simulations with the primordial binaries
chosen in the same manner but have altered various characteristics
of the starting model such as the King model for the density profile
and the tidal radius filling factor. These models were evolved as
part of a broader project to understand the evolution of binary-rich
open clusters and will be described in detail in a forthcoming paper.
In none of these models did we see substantial BS production. It
has been noted previously (Giersz & Heggie 1994) that statistical
fluctuations in N-body models may be reduced by averaging over
the results of many simulations. These fluctuations are amplified
for small N and should not be of major concern in models of the
size presented here (compared with the N = 500 models discussed
by Giersz & Heggie 1994). However, we have repeated Model 1
with an identical set-up except for a different seed for the random
number generator. The evolution is similar: the mass remaining in
the cluster after 4 Gyr is 2957 M, within a tidal radius of 20 pc
and the luminous mass within the central 10 pc is 1692 M. At no
time subsequent to an age of 3 Gyr are more than five BSs found in
the model cluster. Therefore, the nature of the primordial binaries
in this type of simulation does not seem appropriate for a model of
M67. Rather than continuing further with our analysis of Model 1,
we instead turn our attention to Model 2.

6 RESULTS FOR MODEL 2: THE M67 MODEL

A flaw of Model 1 was that it contained too much mass at 4 Gyr to
be considered a good model of M67. One way to reduce the mass
remaining in a cluster at a certain age is to increase the strength
of the tidal field in which the cluster evolves (Vesperini 1997;
Baumgardt 2001). This reduces the tidal radius of the cluster, which
leads to an increase in the escape rate of stars. Associated with the
reduction in mass is a lowering of the relaxation time-scale (typi-
cally the half-mass radius will also be smaller) so that the cluster is
dynamically older for a given physical age. The parameters given
for the orbit of M67 in the Galaxy (Carraro & Chiosi 1994) indicate
an eccentricity of 0.14 and a time-averaged semimajor axis of 8 kpc.
So, when evolving Model 2, we will place the cluster on an orbit at
8.0 kpc from the Galactic Centre. An orbital speed of 220kms—! is
still applicable at this distance (Chernoff & Weinberg 1990) so this
remains unchanged and we keep the cluster on a circular orbit.

With the stronger tidal field we now expect the mass remaining
after 4 Gyr of evolution to be less than that found for Model 1
and closer to the mass of M67, as desired. However, we anticipate
that the shorter relaxation time will drive the evolution faster than
required to give the desired 25 per cent reduction in cluster mass.
So we make an associated increase in the particle number of the
starting model to 12 000 single stars and 12 000 binaries. This gives
My = 18700 M, within a tidal radius of 32 pc.

The only other change in Model 2 compared with Model 1 is
in the set-up of the primordial binary population. As discussed in
Section 3, a flat distribution of loga will be used to generate the
orbital separations of the primordial binaries. This has a cut-off at
50au, which is comparable to the hard—soft binary limit (Heggie
1975) of about 40 au for Model 2 with an initial half-mass radius












In fact, according to Baumgardt (1998), it is the tidal radius at the
perigalacticon that determines the cluster dissolution time-scale and,
considering that M67 has a perigalacticon of 6.8 kpc, we could have
chosen an even stronger tidal field for Model 2 and thus started with
a greater number of stars and binaries.

Results are also better for our new M67 model because half of
the BSs are found in binaries compared with only one out of 22
found by Hurley et al. (2001). The raw numbers of BSs are sim-
ilar but the Hurley et al. (2001) model actually did better at cre-
ating BSs by dynamical means: they expected only half as many
BSs as their model produced, whereas our model actually produces
slightly less than expected. Comparison of the two models is not
straightforward because different distributions were used for the
primordial binary separations and other factors such as the tidal
field used by Hurley et al. (2001) significantly alter the evolution of
the cluster. Also, the semidirect nature of the Hurley et al. (2001)
model, which started with 5000 single stars and 5000 binaries at
an age of 2.5 Gyr, complicates direct comparison. Our model with
initially 12 000 single stars and 12 000 binaries actually contained
4322 single stars and 4859 binaries after 2.5 Gyr of evolution, so
the numbers are comparable at this stage. However, in an attempt to
compensate for skipping 2.5 Gyr of N-body evolution, Hurley et al.
(2001) selected their primordial binaries using a mass function bi-
ased towards higher masses and then evolved these to an age of
2.5 Gyr with the BSE code. Comparison of this population with our
4859 binaries at 2.5 Gyr shows that the Hurley et al. (2001) model
has a higher proportion of binaries with a combined mass in ex-
cess of the cluster turn-off mass at 4 Gyr. The semidirect model
also evolved at higher central density (p. > 1000 starspc—2 for
the majority of the simulation) and with a smaller half-mass ra-
dius. This would explain the increased incidence of dynamical BS
formation.

It is reassuring that the structure of our M67 model provides a
good match to the observed structure of M67. The half-mass radius,
the tidal radius and the mass of the model and cluster are all in
agreement. The surface density profile of the model is also able to
reproduce the observed M67 profile, except in the core where the
model has too many stars. We have constructed a surface brightness
profile for the model using the same software as used for treating
observed data and found that it is very well fitted by an Elson et al.
(1987) distribution. This distribution was determined from young-
and intermediate-age clusters in the LMCs, which do not show the
same degree of tidal truncation as the old globular clusters of our
Galaxy to which the King (1962) models were fitted. Differences
between the Elson et al. (1987) model and the King (1962) model
are only apparent near the tidal radius of a cluster. The LFs for MS
stars in various spatial regions of our M67 model also give good
agreement with the observed behaviour. Our M67 model has done
a very good job of simulating the blue straggler and RS CVn stars
observed in M67. So the model places strong constraints on the
parameters of the primordial binary population in this cluster. Also,
by matching the properties of populations for which observations are
likely to be complete (BSs and RS CVn stars), we can use the model
to make predictions about the completeness of other populations
(e.g. WDs and BY Draconis stars).

The process of tailoring a simulation to the parameters of a par-
ticular cluster and taking the time to compare the real and model
data in a consistent manner has certainly proved fruitful. An effort
along these lines was made previously by Portegies Zwart et al.
(2001) who looked at young open clusters such as the Hyades using
models of N ~ 3000, whereas we have focussed on old clusters
where the interaction between dynamical, stellar and binary evolu-
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tion is more pronounced. We look forward to taking this approach
with other rich open clusters of various ages, such as NGC 2099
(Kalirai et al. 2001) and NGC 188 (Stetson, McClure & Vanden-
Berg 2004), in order to further understanding the initial conditions,
dynamical history and stellar populations of these objects. It can
then be taken into the globular cluster regime when the petaflops-
speed GRAPE-DR (Makino et al. 2003) eventually becomes avail-
able. We also urge those working on observations of star clus-
ters to take full advantage of dynamical models when interpreting
data.
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